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Abstract
A convex polyhedron, that is, a compact subset of R3 which is the intersection of
finitely many closed half-spaces, can be rectified by taking the convex hull of the mid-
points of the edges of the polyhedron. We derive expressions for the side lengths and
areas of rectifications of regular polygons in plane, and use these results to compute
surface areas and volumes of various convex polyhedra. We introduce rectification se-
quences, show that there are exactly two disjoint pure rectification sequences generated
by the platonic solids, and formulate new results related to the Mahler conjecture.
1 Rectifications of Convex Polygons
We iterate the geometric process of rectification, or maximal truncation, on a seed polyhedron
to obtain metric information regarding operations of polyhedra. We introduce the notion of
rectification for polygons and polyhedra; rectifications of convex d-polytopes for dimensions
d ≥ 4 will be presented in future work. This topic leads off of the classical polyhedral
geometry seen in the works of H.S.M. Coxeter [1],[2], Norman Johnson [3],[4], and others
such as Cromwell [5], Conway [6], and To´th [7]. Intuitively known since antiquity, define:
Definition 1. Let Pn = conv{x1, ..., xn} ⊂ R2 be a convex polygon with n vertices and n
edges. Then,
R1[Pn] = conv
{
xi + xi+1
2
| (xi, xi+1) ∈ E(GPn), 1 ≤ i ≤ n, xn+1 = x1.
}
,
where E(GPn) is the edge set of the graph GPn; the combinatorial structure of Pn.
Theorem 1. Let Pn denote a regular n-gon with area(Pn) = 1. Then,
area(Rk(Pn)) =
(
1− cos(θn)
2
)k
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Figure 1: The infinite family of polygon rectifications R∞(P3), R∞(P4), and R∞(P5).
and
area(R∞(Pn)) =
2
1 + cos(θn)
where θn =
pi(n−2)
n
is the interior angle of Pn = R0(Pn), Rk(Pn) is the k
th rectification of Pn
and
R∞(Pn) =
∞⋃
k=0
Rk(Pn)
Proof. Let Pn be a regular n-gon with area(Pn) = 1. Then by area(Pn) =
1
4
ns2 cot
(
pi
n
)
,
where s is the side length of Pn,
s2 =
4 tan
(
pi
n
)
n
By the law of cosines,
s21 =
(s
2
)2
+
(s
2
)2
− 2
(s
2
)2
cos(θn) =
s2
2
(1− cos(θn)) =
2 tan
(
pi
n
)
n
(1− cos(θn))
where θn =
pi(n−2)
n
is the interior angle of Pn and s1 is the side length of R1(Pn). We can
then compute the area of the first rectification of Pn as follows,
area(R1(Pn)) =
1
4
ns21 cot
(pi
n
)
=
1− cos(θn)
2
Now, let k ≥ 2 be arbitrary and let sk be the side length of Rk(Pn). For induction, assume
that
s2k =
tan
(
pi
n
)
2k−2n
(1− cos(θn))k
By the law of cosines,
s2k+1 =
s2k
2
(1− cos(θn)) =
tan
(
pi
n
)
2k−1n
(1− cos(θn))k+1
2
Then,
area(Rk(Pn)) =
1
4
ns2k cot
(pi
n
)
=
(
1− cos(θn)
2
)k
implies that
area(Rk+1(Pn)) =
1
4
ns2k+1 cot
(pi
n
)
=
(
1− cos(θn)
2
)k+1
Therefore the formula for area(Rk(Pn)) holds for all k ∈ N by induction. We now compute
the area of the infinite family of polygon rectifications R∞(Pn).
area(R∞(Pn)) = area
( ∞⋃
k=0
Rk(Pn)
)
=
∞∑
k=0
area(Rk(Pn)) =
∞∑
k=0
(
1− cos(θn)
2
)k
=
2
1 + cos(θn)
by the convergence of the geometric series since
∣∣∣1−cos(θn)2 ∣∣∣ < 1 for all Pn with n ≥ 3.
While the perimeter of the infinite rectification R∞(Pn) follows trivially from the proof
of Theorem 1, it is in general a difficult problem to determine to determine the surface area
of R∞(conv{P}) when P ⊂ Rd with d ≥ 3.
Corollary 1. Let Pn be a regular n-gon with area(Pn) = 1. Then,
Perimeter(R∞(Pn)) =
2
√
n tan(pi/n)
1− | cos(pi/n)|
Proof. We have by the proof of Theorem 1 that
sk =
√
tan
(
pi
n
)
2k−2n
(1− cos(θn))k
thus,
Perimeter(R∞(Pn)) =
∞∑
k=0
nsk = 2
√
n tan
(pi
n
) ∞∑
k=0
(√
1− cos(θn)
2
)k
=
√
8n tan
(
pi
n
)
√
2−√1− cos(θn)
by the convergence of the geometric series since
∣∣∣∣√1−cos(θn)2 ∣∣∣∣ < 1 for all Pn with n ≥ 3. Since
n > 0 we have by the definition of θn that
Perimeter(R∞(Pn)) =
2
√
n tan(pi/n)
1− | cos(pi/n)|
We thus have a complete classification of regular polygons rectification sequences and
their area and perimeter. We now want to generalize this problem to classifying rectification
sequences of polyhedra in R3 and computing their geometric measures.
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2 Rectifications of Convex Polyhedra
Definition 2. Let P = conv{x1, ..., xv} ⊂ R3 be a convex polyhedron with e edges and f
faces. Then,
R1[P ] = conv
{
xi + xj
2
| (xi, xj) ∈ E(GP )
}
,
where E(GP ) is the edge set of the graph GP ; the combinatorial structure of P .
Rectifications can be thought of as the maximal truncation of a polyhedron which sends
a vertex to a face. If we consider the truncation of each vertex of a polyhedron by a plane
with a normal vector coinciding with the centroid ray of the polyhedron then we obtain
the rectification of the polyhedron when each new edge created by the truncation touches
another newly created edge.
Figure 2: The first two rectifications of a tetrahedron, namely an octahedron and a cuboc-
tahedron inscribed inside eachother.
Rectifications of convex polyhedra can be easily understood combinatorially due to V −
E + F = χ = 2, as the rectification of a polyhedron can be thought of as a map between
f -vectors
(v, e, f) 7→ (e, 2e, 2 + e)
There are two distinct infinite sequences of polytope rectifications which include the platonic
solids; the first, denoted by ηs includes the tetrahedron, octahedron, and cube and has an
f -vector sequence given by
(4, 6, 4) −→︸︷︷︸
Tetrahedron
(6, 12, 8) −→︸︷︷︸
Octahedron
(12, 24, 14) −→︸︷︷︸
Cuboctahedron
· · ·
4
and the second, denoted by ξs includes the icosahedron and dodecahedron, which have the
property that they have equal rectifications, and has an f -vector sequence given by
(12, 30, 20) −→︸︷︷︸
Icosahedron
(30, 60, 32) −→︸︷︷︸
Icosidodahedron
(60, 120, 62) −→︸︷︷︸
Icosidodecahedron
· · ·
Theorem 2. The polytope rectification sequences ηs and ξs are disjoint.
Proof. By the combinatorial characterization of rectification as an f -vector map (v, e, f) 7→
(e, 2e, 2 + e), an equivalent question is whether there exists a polytope in the sequence ηs
which also exists in ξs, which implies that the existence of a pair (k, x) which satisfies
2k12 = 2x30
but this is never satisfied for k, x ∈ Z as k − x = log(5)
log(2)
− 1 /∈ Q.
Figure 3: The first rectification of the pentaprism.
We now calculate the volume of the first rectification of a prism generated from a regular
polygon in the plane.
Theorem 3. Let Pn be a regular polygon of area 1 in the plane. Then,
vol (R1(Pn × I)) = 1− s
2
48
sin(θn)
where s is the side length of Pn and θn =
pi(n−2)
n
is the internal angle of a regular n-gon.
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3 Pure Rectification Sequences
Definition 3. A pure rectification sequence of length k is a sequence
P → R1[P ]→ · · · → Rk−1[P ]
so that every element of the sequence is semiregular.
Theorem 4. Let
P → R1[P ]→ · · · → Rk−1[P ]
be a semiregular rectification sequence. Then the f-vector and volume of Rk[P ] are
(f0(Rk[P ]), f1(Rk[P ]), f2(Rk[P ])) = (2
k−1f1(P ), 2kf1(P ), 2 + 2k−1f1(P ))
and
vol (Rk[P ]) = vol(P )−
f0(P )∑
i=1
vol(conv{P/v0i∪{v0i }})−
k∑
N=1
2N−1f1(P )∑
j=1
vol(conv{RN [P ]/vNj ∪{vNj }})
where P/v0i denotes the vertex figure of P at v
0
i ∈ V (P ) truncated to half the edge length of
P and RN [P ]/v
N
j denotes the vertex figure of RN [P ] at the vertex v
N
j ∈ V (RN [P ]) truncated
to half the edge length of RN [P ].
Conjecture 1. Let P be a convex polyhedron. If R1[P ] is contained in a pure rectification
sequence then
R1[P ] = λR1[P
◦],∃λ > 0.
Lemma 1. Let P be a convex polyhedron so that R1[P ] = λR1[P
◦],∃λ > 0. If
vol(R1[P ]) ≥
√
32λ
3
then the Mahler conjecture holds for R1[P ] and R1[P ]×R1[P ]◦.
Conjecture 2 (Mahler Conjecture for Pure Rectifications and a Class of Hanner 6-Poly-
topes). If R1[P ] is a pure rectification of a convex polyhedron P then the Mahler conjecture
is true for R1[P ] and R1[P ]×R1[P ]◦.
Proof. Apply Conjecture 1 and Lemma 1.
Conjecture 3. Let P ⊂ R3 be a convex polyhedron. Then,
∃λ ∈ R+ : λP ◦ ∩ P = R1[P ].
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